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Introduction
Let L be a first order system 
. , ξ n ).
We assume in all the paper that L(y, ξ ) is diagonalizable ∀(y, ξ ). That means that ∀y:
(i) the zeroes in ξ 0 of det L(y, ξ ) are real, ∀ξ ; (ii) the dimension of the kernel of L(y, ξ ) corresponding to a zero is equal to its multiplicity.
Recall that [4] : Thanks to the assumption of diagonalizability, we have as in [3] , p. 409, the following lemma: Definitions.
Lemma. d(L(y,
·
(i) L(y, ξ ) is symmetrizable in y ⇔ ∃T (y) such that: T −1 (y)L(y, ξ )T (y) is hermitian ∀ξ ; (ii) L(y, ξ ) is smoothly symmetrizable ⇔ ∃T (y) smooth (same smoothness as the coefficients) such that: T −1 (y)L(y, ξ )T (y) is hermitian ∀ξ .
We seek conditions for a diagonalizable system to be smoothly symmetrizable. In this case we can construct the energy inequality and obtain in the linear case (we replace y by x) the wellposedness of the Cauchy problem and strong hyperbolicity; in the quasilinear case (we replace y by (x, u(x)), u(x) is the unknown vector function: L(x, u(x), D)u(x) = 0) we obtain the local existence.
y is a fixed y. In a precedent joint paper with T. Nishitani [1] , we stated: We study in this paper the case m = 3, d(L(y, ·)) = m 2 − m − 1 = 5. For the analogous problem, when the coefficients are real, we have obtained the results in [5] .
Theorem. Assume that d(L(y,
Description of the cases along with the dimension of V y
Assume that: L is symmetrizable at y. So, there exists T such that T −1 L(y, ξ)T is hermitian; we transform L in: T −1 L(y, ξ )T , which is hermitian at y; we denote yet L the new matrix.
I. d(V y ) = 4.
We distinguish subcases along with the position of linearly independent forms under the diagonal and we change of coordinates in ξ in order to obtain independent forms as coordinates.
By change of coordinates and elementary similarities (change of lines and columns, transformation by matrices such that + i e k1 j 2 (y)ξ
If e 32 13 (y) = 0, by a change of variable: ξ 3 2 → Im Φ 3 1 (y, ξ ) = new η 3 1 , we come down to the previous case; so we can let: e 32 13 (y) = 0; also e 31 23 (y) = 0.
Notations. 
Statement of the theorem
Then L is smoothly symmetrizable. 
We distinguish the different cases.
Case I 1 .
By the lemma, we have:
We explicit the matrix of the first member and the 9 entries equal to 0; obviously, it is sufficient to consider the 6 entries (i j), i index of the line and j index of the column; the others are consequences of these ones. Each equation expresses that a linear form in ξ is identically equal to 0. Finally, we obtain a linear system; the unknowns are the h ij and h ij ; the coefficients are smooth functions of y; we denote: E(ij )(kl) (resp. E(ij )(kl) ) the equation corresponding to the ith line, j th column and to the coefficient of ξ k l (resp. η k l ). We replace the unknowns h ij and h ij by the unknowns ; to simplify the typography we denote them also h ij and h ij . The system may be written:
α, α and β are smooth functions built from the coefficients. We seek what are the conditions in (y) on the α, α such that we obtain smooth h ij and h ij ; when these conditions are satisfied we obtain smooth H and smooth √ H and finally smooth S such that
We denote:
Notations. We denote: ∼ 0 the equality of Re β ij kl or Im β ij kl to a smooth function; we denote: any smooth function in the calculus of the coefficients α ij kluv , α ij kluv equal to 0 in y.
The equation E(33)(13)
gives: (
The equation E(33)(13) gives:
The equation E(33)(12) gives:
The equation E(22)(13) gives:
The equation E(22)(12) gives:
23 + ∼ 0.
We deduce from (1) and (5) that:
we deduce from (2) and (6) that:
so:
We deduce from (3) and (7) that:
we deduce from (4) and (8) that:
The equation E(31)(12) gives:
then E(31)(13) gives:
Finally with the initial notations:
is smooth and we obtain a smooth symmetrizer. 2 Case I 2 .
At first, we explicit the conditions (a), (b), . . . , (f) in the theorem.
is a double zero; we obtain:
The double zero cancels the minors of order two; so: If: e 31 12 (y) = 0, the previous relations are replaced by:
12 (y) = f 31 22 (y) = 0 and:
that means: e 31 22 (y) = 0 or f 31 22 (y) = 0.
Considering the minor in the 2nd line, 3rd line, 1st column, 3rd column, we obtain: ξ 0 = 0, and the conditions:
We deduce: Considering the minor in the 1st line, 2nd line, 1st column, 2nd column, we obtain: Define also the condition:
The conditions are: 
The double zero is: ξ 0 = f 31 12 (y)ξ 3 2 . We have: 
If: f 31 12 (y) = 0 and ε 1 = 0, let:
we obtain: Proof of Theorem 1. By Lemma 1, we have:
We explicit and use analogous notations to the precedent case (H is replaced by
). The equality E(33)(23) implies:
E(33)(13) implies: 
E(32)(23) implies (with (9), (13)):
E(32)(13) implies (with (9), (13), (14), (15) 
E(21)(13) implies (with (9), (13), (14), (15)):
and:
We prove, at first, that:
Im Φ 
then:
(32) implies:
we have: 1 + ε 1 ε 2 = 0, or: (ε 2 − ε 1 ) = 0; so: g 23 ∼ 0; then: g 13 ∼ 0, h 23 ∼ 0, h 13 ∼ 0, h 2 ∼ 0, h 12 ∼ 0, h 1 ∼ 0 and the result. In the same manner, from (7), (8), we obtain that:
implies smooth initial Proof. We consider (11), (12) and obtain smooth g 23 and g 13 . 2
We assume now γ = 0. 
Using Lemma 2, we obtain the first assertion. The lemma is proved. 2 We verify that:
We obtain the lemma by using Lemma 2. 2 
Proof. (i) f 31
22 (y) = 0. We know that we can assume: f 31 12 (y) = 0. We consider (20), (21), (27), (28).
We remark that: δ 6 = −ε 1 (y) 20 + (f 31 12 ) 2 (y) 16. If: δ 6 = 0 we obtain: 20 = 0 or 16 = 0; 16 = 0 implies smooth symmetrization and from the system (20), (12), 20 = 0 implies that: g 23 ∼ 0, g 13 ∼ 0, and smooth symmetrization.
If: δ 5 = 0, we obtain from the system (21), (12) that: g 23 ∼ 0, g 13 ∼ 0 and smooth symmetrization.
We remark that:
If: δ 5 = 0, we obtain: 27 = 0 or 23 = 0 and from the system (27), (12) that: g 23 ∼ 0, g 13 ∼ 0 and smooth symmetrization.
If: δ 6 = 0, we obtain from the system (28), (12) that: g 23 ∼ 0, g 13 ∼ 0 and smooth symmetrization.
(ii) f 31 22 (y) = 0. If: δ 4 = 0, we obtain: 1 + ε 1 ε 2 = 0 (or smooth symmetrization). We consider: (27) If: The theorem results easily from the lemmas. (32) and in fact displayed the nonzero in (y) minors of order 5 in order to obtain the smoothness of the unknowns; we verify easily that the nonwritten equations issued from Lemma 1 are consequences of the previous ones and do not permit to improve the result.
3. The set of conditions (δ 1 = δ 2 = δ 4 = δ 4 = δ 4 = δ 5 = δ 5 = δ 6 = δ 6 = δ 3 = δ 3 = 0) is not void: in Remarks 3 (4), 4(4), 5(4), 6(4) We have obtained 10 independent conditions. Case II 1 .
Notations. (
There is a double zero in ξ 0 ; so: 
There is a double zero in ξ 0 , ∀ξ 2 1 , η 2 1 , ξ 3 1 . From the minor in the 1st and 2nd lines, 1st and 2nd columns, we obtain:
From the minor in the 2nd and 3rd lines, 2nd and 3rd columns, we obtain: From the minor in the 2nd and 3rd lines, 1st and 2nd columns, we obtain: We have now:
We obtain easily: χ and ξ 0 : 
We denote as before:
The entry in the 3rd line, 2nd column is equal to 0; we consider the coefficients of χ , ξ 3 1 , ξ 2 1 , η 2 1 ; we divide by h 3 without changing the notations and we obtain: h 23 ∼ 0 and: 
The entry in the 3rd line, 1st column is equal to 0; we consider the coefficients of χ , ξ 3 1 , ξ 2 1 , η 2 1 and we obtain:
( 
The entry in the 2nd line, 1st column is equal to 0; we consider the coefficients of χ , ξ 3 1 , ξ 2 1 , η 2 1 and we obtain:
−c 
The entry in the 3rd line, 3rd column is equal to 0; we consider the coefficients of ξ 3 1 , ξ 2 1 , η 2 1 and we obtain: 
The entry in the 2nd line, 2nd column is equal to 0; we consider the coefficients of ξ 3 1 , ξ 2 1 , η 2 1 and we obtain:
The entry in the 1st line, 1st column is equal to 0; we consider the coefficients of ξ 3 1 , ξ 2 1 , η 2 1 and we obtain:
From (54), (55): We obtain easily, thanks to Lemma 1:
Notations. , and come back to the precedent case; so, we assume: e 22 13 (y) = 0; we assume also: e 32 13 (y) = 0. As before, we can assume: c 2 03 + ie 2 03 = 0. By Lemma 1, we have:
The entry in the 3rd line, 2nd column is equal to 0; we consider the coefficients of χ , ξ 2 1 , ξ 3 1 , ξ 3 2 ; we divide by h 3 without changing the notations and we obtain:
1 + ie
The entry in the 3rd line, 1st column is equal to 0; we consider the coefficients of χ , ξ 3 1 :
1 + ie 
The entry in the 2nd line, 1st column is equal to 0; we consider the coefficients of χ : The minor corresponding to the 1st, 2nd lines, 1st, 2nd column is equal to 0; so: By Lemma 1, we obtain: h 23 = h 13 = h 12 = 0; then: Remark 8. We have studied the case of real coefficients in [5] and obtained 3 cases along with the reduced dimension of V y . When: dim V y = 3, we have obtained geometric interpretation as here. When: dim V y = 2, we give it here. 
